On Market Forces and Human Evolution by Saint-Paul, Gilles
Rq pdunhw irufhv dqg kxpdq hyroxwlrq
Jloohv Vdlqw0Sdxo
Rfwrehu 48/ 5335
DEVWUDFW= Wklv sdshu vwxglhv krz dq lqvwlwxwlrq vxfk dv pdunhwv
dhfwv wkh hyroxwlrq ri pdqnlqg1 P| nh| srlqw lv wkdw wkh irufhv ri qdwxudo
vhohfwlrq duh pdgh zhdnhu ehfdxvh wudgh doorzv shrsoh wr vshfldol}h lq wkrvh
dfwlylwlhv zkhuh wkh| duh vwurqj/ dqg wr rvhw wkhlu zhdnqhvvhv e| sxufkdvlqj
dghtxdwh jrrgv rq wkh pdunhw1 Devhqw wudgh/ shrsoh pxvw doorfdwh wkhlu wlph
dprqj doo wkh dfwlylwlhv qhfhvvdu| iru wkhlu wqhvv1 D wqhvv dgydqwdjh lq dq|
jlyhq glphqvlrq zloo lqfuhdvh vxuylydo suredelolw|/ vr wkdw lq wkh orqj uxq qdw0
xudo vhohfwlrq pdnhv vxuh wkdw srsxodwlrq lv hqwluho| pdgh ri lqglylgxdov zlwk
wkh ehvw doohohv dw doo orfdwlrqv1 Xqghu wudgh/ wkhuh h{lvw orqj0uxq htxloleuld
zkhuh ohvv w lqglylgxdov duh deoh wr dfklhyh wkh vdph vxuylydo srwhqwldo dv
wkh wwhvw/ e| vshfldol}lqj lq dfwlylwlhv zkhuh wkh| duh qrw dw d glvdgydqwdjh/
dqg sxufkdvlqj jrrgv wkdw duh vxevwlwxwh iru dfwlylwlhv iru zklfk wkh| duh
*zhdn*1
MHO fodvvlfdwlrq= M4/ M55
Nh|zrugv= Hyroxwlrq/ jhqrw|sh/ glylvlrq ri oderu/ vshfldol}dwlrq/ jhqh0
fxowxuh frhyroxwlrq/ qdwxudo vhohfwlrq/ wudgh/ h{fkdqjh/ pdunhwv/ wlph doorfd0
wlrq
Xqlyhuvlwì gh Wrxorxvh L dqg FHSU1 Wklv sdshu kdv ehqhwwhg iurp glvfxvvlrqv zlwk
Sdxo Vhdeuljkw dqg Wklhuu| Yhuglhu1
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4 Lqwurgxfwlrq
Edvlf Gduzlqldq wkhru| frqvlghuv lqglylgxdov frpshwlqj iru uhvrxufhv lq rughu
wr dfklhyh wkhlu jrdov ri wqhvv dqg uhsurgxfwlrq1 Lwv pruh uhfhqw ghyhors0
phqwv kdyh frqvlghuhg frrshudwlrq dqg dowuxlvp dv wkh rxwfrph ri vhohfwlyh
irufhv dw wkh jhqh ohyho/ zklfk w|slfdoo| ohdyh urrp iru frrshudwlrq dw d yhu|
vpdoo vfdoh/ zlwklq d idplo| ru wuleh ri jhqhwlfdoo| forvh lqglylgxdov1 \hw
rxu vshflhv kdv ghyhorshg lqvwlwxwlrqv zklfk doorz frrshudwlrq rq d pxfk
odujhu vfdoh14 Pdunhwv/ lq sduwlfxodu/ doorz shrsoh wr vshfldol}h dffruglqj wr
wkhlu frpsdudwlyh dgydqwdjh dqg wr sxufkdvh jrrgv qhhghg iru wqhvv dqg
vxuylydo iurp rwkhu sduwlflsdqwv1 Fohduo|/ prvw ri xv zrxog glvdsshdu li ohiw
dorqh idflqj wkh irufhv ri qdwxudo vhohfwlrq> zruog srsxodwlrq zrxog vkulqn
frqvlghudeo| li wudgh dprqj lqglylgxdov zhuh wr vxgghqo| froodsvh1
Wklv sdshu vwxglhv krz dq lqvwlwxwlrq vxfk dv pdunhwv dhfwv wkh hyroxwlrq
ri pdqnlqg1 P| nh| srlqw lv wkdw wkh irufhv ri qdwxudo vhohfwlrq duh pdgh
zhdnhu ehfdxvh wudgh doorzv shrsoh wr vshfldol}h lq wkrvh dfwlylwlhv zkhuh
wkh| duh vwurqj/ dqg wr rvhw wkhlu zhdnqhvvhv e| sxufkdvlqj dghtxdwh jrrgv
rq wkh pdunhw1 Devhqw wudgh/ shrsoh pxvw doorfdwh wkhlu wlph dprqj doo
wkh dfwlylwlhv qhfhvvdu| iru wkhlu wqhvv1 D wqhvv dgydqwdjh lq dq| jlyhq
glphqvlrq zloo lqfuhdvh vxuylydo suredelolw|/ vr wkdw lq wkh orqj uxq qdwxudo
vhohfwlrq pdnhv vxuh wkdw srsxodwlrq lv hqwluho| pdgh ri lqglylgxdov zlwk
wkh ehvw doohohv dw doo orfdwlrqv1 Xqghu wudgh/ wkhuh h{lvw orqj0uxq htxloleuld
zkhuh ohvv w lqglylgxdov duh deoh wr dfklhyh wkh vdph vxuylydo srwhqwldo dv
wkh wwhvw/ e| vshfldol}lqj lq dfwlylwlhv zkhuh wkh| duh qrw dw d glvdgydqwdjh/
dqg sxufkdvlqj jrrgv wkdw duh vxevwlwxwh iru dfwlylwlhv iru zklfk wkh| duh
*zhdn*1
Khqfh/ pdunhwv doorz pdq| jhqrw|shv wkdw zrxog eh holplqdwhg e| qdw0
xudo vhohfwlrq wr vxuylyh/ wkxv exloglqj lq juhdwhu jhqhwlf glyhuvlw| lq kxpdq
srsxodwlrqv1 Wklv jhqhwlf glyhuvlw| pd| eh khosixo lq idfh ri hqylurqphqwdo
vkrfnv/ lpso|lqj wkdw zkhq vxfk vkrfnv suhydlo/ d srsxodwlrq zklfk wudghv
4Lqwhuhvwlqj vxuyh|v rq lqwhudfwlrqv ehwzhhq wkh hfrqrplf dqg elrorjlfdo vskhuhv lqfoxgh
Kluvkohlihu +4<::,/ Urevrq +5334,/ dqg Vhdeuljkw +5336,/ iruwkfrplqj1
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zloo jurz idvwhu wkdq d srsxodwlrq zklfk grhv qrw/ hyhqwxdoo| holplqdwlqj lw
lq vwdwlvwlfdo whupv1
Wkh prgho kdv d ydulhw| ri lpsolfdwlrqv/ dv glvfxvvhg lq vhfwlrq ;1 Lw
h{sodlqv zk| pdq| kxpdq jhqhv vhhp wr hyroyh dffruglqj wr wkh qhxwudolvw
ylhz/ l1h1 dv li wkh| kdg qr vhohfwlyh surshuwlhv1 Lw dovr vkhgv oljkw/ L eholhyh/
rq uhfhqw frqwuryhuvlhv rq lqwhooljhqfh dqg wkh hfrqrplf lpsruwdqfh ri jhqhv1
Qrwh krzhyhu wkdw wkh prgho lv vlohqw derxw krz pdunhwv wkhpvhoyhv
hyroyh51 Wkh olwhudwxuh rq jhqh2fxowxuh frhyroxwlrq lv prvwo| frqfhuqhg zlwk
wkh jhqhwlf edvlv iru dgrswlrqv ri fxowxudo qrupv vxfk dv dowuxlvp +riwhq uh0
o|lqj rq frqwuryhuvldo jurxs vhohfwlrq k|srwkhvhv,16 Wr p| nqrzohgjh lw kdv
qrw surylghg d wkhru| ri krz frpsoh{ lqvwlwxwlrqv vxfk dv pdunhwv hyroyh1
Wkh suhvhqw sdshu rqo| orrnv dw fdxvdolw| lq rqh glphqvlrq/ wdnlqj lqvwlwx0
wlrqv dv jlyhq dqg vwxg|lqj wkhlu lpsdfw rq wkh jhqh srro1
Dqrwkhu srwhqwldoo| uhohydqw fulwltxh lv wkdw lw lv qrw fohdu zkhwkhu wudgh
kdv ehhq durxqg iru orqj hqrxjk wr vljqlfdqwo| dhfw hyroxwlrq1 Lw lv riwhq
dujxhg wkdw hyroxwlrq lv yhu| vorz/ dqg wkdw rxu jhqhv duh hvvhqwldoo| ghwhu0
plqhg e| wkh kxqwhu0jdwkhuhu vrflhwlhv zklfk suhydlohg kxqguhgv ri wkrxvdqgv
ri |hduv djr1 Krzhyhu/ wkhuh duh wzr txlwh glhuhqw dvshfwv ri hyroxwlrq1 Wkh
uvw rqh lv wkdw pxwdwlrqv gr qrw kdsshq iuhtxhqwo|/ zklfk h{sodlqv zk| lw
wdnhv kxqguhgv ri wkrxvdqgv ri |hduv iru d ihdwxuh olnh wkh kxpdq eudlq wr
ghyhors1 Wkh vhfrqg rqh lv wkdw dq h{lvwlqj doohoh fdq uhsodfh dqrwkhu rqh
txlwh udslgo|1 D zhoo0nqrzq h{dpsoh lv wkdw ri wkh jhqh iru odfwrvh wrohudqfh>
wkh vkduh ri wkh Hxurshdq srsxodwlrq zlwk d wrohudqw doohoh lqfuhdvhg iurp
8 ( wr :3 ( lq ohvv wkdq 8/333 |hduv/ gxh wr fkdqjhv lq irrg kdelwv1 Lq frq0
wudvw/ prvw Dvldq srsxodwlrqv duh odfwrvh lqwrohudqw ehfdxvh wkhlu fxowxuhv
kdg qrw ghyhorshg gdlu| iduplqj17 Lw lv wklv nlqg ri hyroxwlrq wkdw L frqvlghu
khuh= wkh udfh ehwzhhq h{lvwlqj frpshwlqj doohohv1 Wkh phvvdjh lv wkhq wkdw
5Lqwhuhvwlqjo|/ Dgdp Vplwk vdz rxu surshqvlw| wr wudgh dv d jhqhwlf surshuw| ri rxu
vshflhv1 Vhh Vplwk +4<<7,1
6Vhh Fdydool0Viru}d dqg Ihogpdq +4<;4,> Oxpvghq dqg Zlovrq +4<;4,> Jlqwlv +5335,/
Er|g dqg Ulfkhuvrq +4<;8,1
7Vhh h1j1 Drnl +4<<4,1
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lq vrph vhqvh/ pdunhwv vorz hyroxwlrq/ e| pdnlqj doohohv ohvv ordghg zlwk
vhohfwlyh suhvvxuh1 Wkh h{dpsoh ri odfwrvh wrohudqfh vxjjhvwv wkdw wudgh fdq
kdyh d vljqlfdqw lpsdfw rq rxu jhqh srro li lw kdv ehhq suhvhqw iru vd| 43/333
|hduv1
5 Wkh prgho= srsxodwlrq g|qdplfv
Wklv vhfwlrq ghvfulehv wkh edvlf ihdwxuhv ri wkh prgho/ dqg ri lwv ghprjudsklf
lpsolfdwlrqv1 Lw lv d vlpsolhg uhsuhvhqwdwlrq ri jhqhwlf hyroxwlrq lq d khw0
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Wdeoh 4= sursruwlrq ri rvsulqjv ri hdfk jhqrw|sh dv d ixqfwlrq ri sduhqwv*
jhqrw|sh1
Wklv wdeoh pd| wkhq eh xvhg wr frpsxwh wkh hyroxwlrq htxdwlrq ri wkh
srsxodwlrq*v frpsrvlwlrq=8
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8Wkhvh irupxodv duh d vlpsolhg yhuvlrq ri wkh elrorjlvwv*v Kdug|0Zhlqehuj htxdwlrqv1
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Wkhvh htxdwlrqv duh qrq olqhdu1 Dgglqj wkhp zh jhw wkh srsxodwlrq
jurzwk udwh=
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Vlploduo|/ dgglqj wkh uvw wzr htxdwlrqv zh jhw dq hyroxwlrq htxdwlrq iru
wkh iudfwlrq ri wkh srsxodwlrq zlwk dq Mdoohoh dw orfdwlrq 4/ ghqrwhg e|
 ’ ?MM n ?Mu G


’ 7>|  7>|c +9,
zkhuh
7>| ’
?MM>EMM n ?Mu>EMu
?MM n ?Mu
lv wkh dyhudjh pruwdolw| udwh ri wklv vxe0srsxodwlrq1
Wkxv d jhqh zloo jurz li lw lv dvvrfldwhg zlwk d kljkhu wqhvv/ l1h1 d orzhu
pruwdolw|/ wkdq wkh dyhudjh lq wkh srsxodwlrq1 Vlploduo|/ iru wkh iudfwlrq ri
djhqwv zlwk dq M dw orfdwlrq 5/ zh kdyh
2
2
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Dv zh vkdoo vhh ehorz/ zh dvvxph d srvlwlyh fruuhodwlrq ehwzhhq wkh suhv0
hqfh ri dq Mdoohoh dqg wqhvv1 Wkxv wkh iroorzlqj vhw ri dvvxpswlrqv pxvw
krog=
DVVXPSWLRQV D4=
>EMM  >EMu
>EMM  >EuM
>EMu  >Euu
>EuM  >Euu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Wkxv/ zh dvvxph wkdw wqhvv glhuhqfhv duh dvvrfldwhg zlwk glhuhqfhv
lq pruwdolw|/ zkloh eluwk udwhv duh lghqwlfdo1 Fohduo|/ rqh frxog kdyh d pruh
frpsoh{ prgho dqg dvvxph wkdw eluwk udwhv dv zhoo ghshqg rq jhqrw|sh1
Zkloh pruwdolw| udwhv duh dvvxphg {hg iru qrz/ ixuwkhu ehorz wkh| zloo eh
wkh rxwfrph ri lqglylgxdo fkrlfh1
Prvw ri wkh uhvxowv zh zloo ghulyh zloo eh frqfhuqhg zlwk d orqj0uxq
htxloleulxp/ l1h1 d vwdwlrqdu| glvwulexwlrq ri jhqrw|shv1
Wklv vhfwlrq*v fhqwudo uhvxow lv wkhq wkh iroorzlqj ohppd=
OHPPD 4  Dvvxph +D4, krogv1 Wkhq/ lq dq| vwdwlrqdu| htxloleulxp
vxfk wkdw ?} ’ fc ;}c dqg  : fc ;c rqh pxvw kdyh
+l, ?MM ’ c ?Mu ’ ?uu ’ ?uM ’ f li >EMM 	 >EMu dqg >EMM 	
>EuM
+ll, ?uu ’ ?Mu?uM ’ f li >Euu : >EMM
+lll, doo vxuylylqj jhqrw|shv pxvw kdyh wkh vdph pruwdolw| udwh/ zklfk lv
wkh plqlpxp dfurvv doo jhqrw|shv1
Surri ri +l,Dvvxplqj zlwkrxw orvv ri jhqhudolw| wkdw >EuM  >EMuc
zh jhw wkdw

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’ 7>|  7>| lv srvlwlyh dqg erxqghg dzd| iurp }hur xqohvv
?uM ’ ?uu ’ f Vlqfh  fdqqrw h{fhhg 4/ wkhq wkh odwwhu htxdolwlhv pxvw
krog1 Vxevwlwxwlqj lqwr +4,/ zh vhh wkdw lq vwhdg| vwdwh zh pxvw kdyh 7>| ’
7>| ’ >EMMc zklfk rqo| krogv li ?Mu ’ f
Surri ri +ll,Li 4?E>EMuc >EuM : >EMMc wkhq +l, dssolhv1 Dvvxph
wkhq 4?E>EMuc >EuM ’ >EMM Xqghu wkh vdph lqqrfxrxv dvvxpswlrq
wkdw >EuM  >EMuc zh kdyh wkdw


’ 7>|  7>| lv srvlwlyh dqg erxqghg
dzd| iurp }hur xqohvv ?uu ’ f dqg hlwkhu ?uM ’ f ru >EuM ’ >EMu ’
>EMM Lq wkh uvw fdvh/ wkh surri lv frpsohwh1 Lq wkh vhfrqg fdvh/ vxevwl0
wxwlqj d frpprq pruwdolw| udwh dqg ?uu ’ f lqwr +4, |lhogv ?uM?Mu ’ f
Surri ri +lll,Wklv ghulyhv iurp wkh surriv ri +l, dqg +ll,1 Doo vxuylylqj
jhqrw|shv kdyh wkh vdph pruwdolw|/ dqg lw lv orzhu wkdq wkdw ri qrqvxuylylqj
:
jhqrw|shv1
Wklv ohppd whoov xv wkdw/ dv orqj dv wkh M0doohohv duh suhvhqw lq wkh
srsxodwlrq/ rqo| wkh wwhvw w|shv vxuylyh1 Ixuwkhupruh/ dv +ll, lpsolhv/ Mu
dqg uM fdqqrw vlpxowdqhrxvo| vxuylyhhyhq wkrxjk wkh| pd| eh dv w dv
MM li uu kdv d vwulfwo| orzhu wqhvv wkdq MM1 Wklv lv ehfdxvh wkh|
rffdvlrqdoo| pdwh wrjhwkhu/ wkxv |lhoglqj vrph uu w|shv zklfk kdyh d orzhu
vxuylydo suredelolw|1 Wklv surfhvv whqgv wr gulyh u doohohv rxw ri wkh jhqh
srro xqwlo wkh| kdyh glvdsshduhg dw dw ohdvw rqh orfdwlrq/ wkxv suhyhqwlqj
dq| uulqglylgxdov iurp dulvlqj1
6 Ilwqhvv dqg vxuylydo
Zh qrz ghvfuleh krz pruwdolw| udwhv duh ghwhuplqhg1 Shrsoh kdyh d wrwdo
wlph hqgrzphqw +lq  rz whupv, htxdo wr 41 Wkh| doorfdwh wlph ehwzhhq
wzr dfwlylwlhv/ uhihuuhg e| s +jkw, dqg _ +ghihqfh,1 Ixuwkhupruh/ wkh|
kdyh glhuhqw surgxfwlylwlhv lq hdfk dfwlylw|/ dqg wkhvh surgxfwlylwlhv duh
jhqhwlfdoo| ghwhuplqhg1 Surgxfwlylw| dw wkh s 0dfwlflw| lv ghwhuplqhg e| wkh
jhqh dw orfdwlrq 4 rq wkh fkurprvrph/ dqg surgxfwlylw| lq _ lv ghwhuplqhg
e| orfdwlrq 51 Pruh vshflfdoo|/ li wkh lqglylgxdo kdv doohoh M +uhvs1 u dw
orfdwlrq 4/ klv surgxfwlylw| dw s lv sM +uhvs1 su,1 Vlploduo|/ surgxfwlylw| dw
dfwlylw| _ lv _M +uhvs1 _u, iru shrsoh zlwk doohoh M +uhvs1 u dw orfdwlrq 51
Frqvhtxhqwo|/ dq lqglylgxdo zlwk jhqrw|sh } ’ VV fkrrvhv klv jkw dqg
ghihqfh ohyhov s dqg _ vxemhfw wr wkh iroorzlqj wlph doorfdwlrq frqvwudlqw=
s
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Pruwdolw| lv wkhq jlyhq e| wkh lqyhuvh ri wqhvv/ zkhuh wqhvv lv lq0
fuhdvlqj lq wkh wrwdo dprxqw ri s dqg _ dfwlylwlhv=
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Zh vkdoo dvvxph wkdw kdylqj dq Mdoohoh lqfuhdvhv wqhvv/ wkdw lv=
sM : su
_M : _u
Ilqdoo|/ zh dvvxph wkdw shrsoh vhw s dqg _ lq rughu wr pd{lpl}h wkhlu
wqhvv19 Wkxv wkh| pd{lpl}h )Esc _ vxemhfw wr wkh wlph doorfdwlrq frqvwudlqw
+:,1 Lq rughu wr dyrlg dqdo|wlfdo sureohpv zh vkdoo dvvxph wkdw ) lv frqfdyh/
dqg vdwlvhv wkh iroorzlqj frqglwlrqv=
DVVXPSWLRQV D5 
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Wr jhw dqdo|wlfdo vroxwlrqv zh vkdoo riwhq xvh d Ohrqwlhi wqhvv ixqfwlrq=
)Esc _  4?Esc _
7 Dxwdun|
Wkh suhfhglqj vhfwlrq ghvfulehv dq hfrqrp| zlwkrxw wudgh1 Wr jhw wkh orqj0
uxq frpsrvlwlrq ri wkh srsxodwlrq lv txlwh vlpsoh= Wkh MM w|sh kdv d pruh
idyrudeoh wlph doorfdwlrq frqwudlqw1 Wkhuhiruh/ lw lv deoh wr dfklhyh d juhdwhu
wqhvv1 E| yluwxh ri Ohppd 4/ lw pxvw eh wkh rqo| uhpdlqlqj w|sh lq wkh
orqj uxq1
9E| eoxqwo| pdnlqj wklv dvvxpswlrq/ zh ghsduw iurp elrorj| dqg hqwhu hfrqrplfv1
D elrorjlvw zrxog dvn zk| shrsoh vkrxog ehkdyh olnh wkdw/ dqg zrxog suredeo| dvvxph
wkh h{lvwhqfh ri d jhqh iru vxfk ehkdylru/ dqg wu| wr vkrz wkdw lw gulyhv rxw jhqhv iru
dowhuqdwlyh ehkdylruv1 Wklv dv li dujxphqw lv rxw ri wkh vfrsh ri wklv sdshu/ dqg zh
gluhfwo| dvvxph pd{lpl}dwlrq ri wqhvv1 Vhh Kluvfkohlihu +4<::, dqg Urevrq +5334, iru
glvfxvvlrqv1
<
SURSRVLWLRQ 4  Wkh vroxwlrq wr shrsoh*v pd{lpl}dwlrq sureohp vdwlv0
hv +D4, zlwk vwulfw lqhtxdolwlhv1 Frqvhtxhqwo|/ lq dq| orqj0uxq htxloleulxp=
?MM ’ (?Mu ’ ?uM ’ ?uu ’ f
Surri  Vwudljkwiruzdug e| dssolfdwlrq ri Ohppd 41
Lq wkh orqj uxq/ wkh wwhvw jhqh lv {hg dw erwk orfdwlrqv1 Wkh ohvv
w jhqhv kdyh glvdsshduhg1 Wkdw lv lq frqiruplw| zlwk edvlf sulqflsohv ri
qdwxudo vhohfwlrq1
8 Wudgh
Zh qrz lqwurgxfh wkh srvvlelolw| ri wudgh dprqj shrsoh dqg ghulyh lwv lp0
solfdwlrqv iru wkh orqj0uxq frpsrvlwlrq ri wkh srsxodwlrq1 Zh qrz dvvxph
wkdw s dqg _c lqvwhdg ri ehlqj dfwlylwlhv/ duh wudghdeoh jrrgv1 Dw dq| gdwh
wkhlu sulfh lv ghqrwhg e| Rs dqg R_c dqg lw lv frqyhqlhqw wr qrupdol}h wklv
sulfh yhfwru vr wkdw
Rs n R_ ’ 
Dq htxloleulxp lv wkhq ghwhuplqhg wkh vwdqgdug zd|1 Hdfk lqglylgxdo ri
jhqrw|sh } ’ VV ghwhuplqhv klv doorfdwlrq ri wlph e| pd{lpl}lqj lqfrph=
4@ Rss
7 n E Rs_
7
Vxemhfw wr klv wlph doorfdwlrq frqvwudlqw=
s7
sV
n
_7
_V
’ 
Wklv ghwhuplqhv klv vxsso| wr wkh pdunhw ri jrrgv s dqg _c s7E}c Rs dqg
_7E}c Rsc dv zhoo dv klv wrwdo lqfrph -E}c Rs ’ Rss
7 n E Rs_7
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Shrsoh sxufkdvh txdqwlwlhv s( dqg _( ri hdfk jrrg rq wkh pdunhw/ e|
pd{lpl}lqj )Es(c _( vxemhfw wr
Rss
( n E Rs_
( ’ -E}c Rs +;,
Wklv ghwhuplqhv wkh lqglylgxdo ghpdqg ixqfwlrqv s(E}c Rsc dqg _
(E}c Rsc
dqg wkh uhvxowlqj ohyho ri pruwdolw| >E}c Rs ’ )E s
(E}c Rsc _
(E}c Rs 
31 Dq
htxloleulxp lv dq doorfdwlrq dqg d sulfh yhfwru zklfk duh vroxwlrq wr wkhvh
rswlpl}dwlrq sureohpv dqg vxfk wkdw pdunhwv fohdu/ l1h1
[
}
?}s
(E}c Rs  ’
[
}
?}s
7E}c Rs  +<,
E| Zdoudv* odz/ li wklv krogv/ wkhq wkh pdunhw iru _ lv dovr lq htxloleulxp1
Vwdqgdug uhvxowv whoo xv wkdw/ jlyhq wkh fxuuhqw glvwulexwlrq ri jhqrw|shv
i?}jc dq htxloleulxp h{lvwv dqg lv Sduhwr rswlpdo/ lq wkdw dq djhqw*v wqhvv
fdq*w eh lqfuhdvhg zlwkrxw uhgxflqj dqrwkhu djhqw*v wqhvv1
Zh duh qrz lqwhuhvwhg lq krz hfrqrplf irufhv dhfw wkh orqj0uxq jhqhwlf
frpsrvlwlrq ri wkh srsxodwlrq1 Iru wklv zh lqwurgxfh wkh frqfhsw ri d Orqj
uxq htxloleulxp/ zklfk lv d vlwxdwlrq zkhuh wkh hfrqrp| lv lq Zdoudvldq
htxloleulxp dqg wkh glvwulexwlrq ri jhqrw|shv lq wkh srsxodwlrq lv vwdwlrq0
du|1 Wkh wzr duh lqwhuuhodwhg ehfdxvh wkh hfrqrplf htxloleulxp ghwhuplqhv
wkh ohyho ri wqhvv ri hdfk jhqrw|sh/ zklfk lq wxuq dhfwv lwv srsxodwlrq
g|qdplfv1
GHILQLWLRQ  D Orqj0Uxq Htxloleulxp +OUH, lv dq doorfdwlrq iEs7} c _
7
} c s
(
} c _
(
} /
d sulfh yhfwru Rs / dqg d jhqrw|slf glvwulexwlrq i?}j vxfk wkdw
+l, Pdunhwv fohdu/ l1h1 s7} ’ s
7E}c Rs c s
(
} ’ s
(E}c Rs c _
7
} ’ _
7E}c Rsc _
(
} ’
_(E}c Rsc dqg +<, krogv1
+ll, Wkh jhqrw|slf glvwulexwlrq lv vwdwlrqdu|/ l1h1 wkh iroorzlqj htxdwlrqv
E7  krog=
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f ’ D?MME?MM   n 7> >EMMc Rs n D?MM?Mu n D?MM?uM n

2
DE?uM?Mu n ?MM?uu
f ’ D?MM?Mu n D?MuE?Mu   n 7> >EMuc Rs n D?Mu?uu n

2
DE?uM?Mun?MM?uu
f ’ D?uu?uM n D?uME?uM   n 7> >EuMc Rs n D?uM?MM n

2
DE?uM?Mun?MM?uu
f ’ D?uu?uM n D?uuE?uu   n 7> >Euuc Rs  n D?uu?Mu n

2
DE?uM?Mun?MM?uuc
zkhuh
7> ’
[
}
?}>E}c Rs 
Zh qrz wxuq wr wkh fhqwudo uhvxow ri wklv vhfwlrq/ zklfk fkdudfwhul}hv wkh
surshuwlhv ri dq OUH1 Zh uvw vwdwh lw irupdoo| dqg suryh lw/ dqg wkhq glvfxvv
lw1
SURSRVLWLRQ 5  Lq dq| OUH
+l, Wkh sulfh ri s pxvw eh htxdo wr
Rs ’
_M
_M n sM
+43,
+ll, Wkh u0doohoh kdv glvdsshduhg dw dw ohdvw rqh orfdwlrq1
45
Surri ri +l,  Wklv sulfh pdnhv wkhMM w|sh lqglhuhqw ehwzhhq vxsso|lqj
s dqg vxsso|lqj _ Vxssrvh/ vd|/ Rs :
_M
_MnsM
 Wkhq MM rqo| vxssolhv sc dqg
vr grhvMu Dv iru uMc klv pd{lpxp lqfrph grhv qrw h{fhhg4@ ERssuc E
Rs _M 	 4@ ERssuc
_MsM
_MnsM
 	 RssM  Frqvhtxhqwo|/ >EuM : >EMM Qh{w/
ohppd 4/ +lll,/ lpsolhv wkdw erwk uu dqg uM pxvw kdyh glvdsshduhg lq
htxloleulxp1 Exw/ wkhq wrwdo vxsso| ri jrrg _ lv }hur/ zklfk fdq*w eh wuxh
ehfdxvh ri frqglwlrqv +D5,1 D vlplodu olqh ri uhdvrqlqj krogv li Rs 	
_M
_MnsM

Surri ri +ll,  Wkh uu w|sh kdv d vwulfwo| orzhu lqfrph wkdqMMc wkhuhiruh
>Euu : >EMM Dsso|lqj +ll, lq ohppd 5 grhv wkh uhvw1
Sduw +l, ri Sursrvlwlrq 5 lv vwulnlqj1 Lw whoov xv wkdw lq dq OUH/ wkh sulfh
yhfwru lv hqwluho| slqqhg grzq e| wkh surgxfwlylw| ohyhov ri wkh M doohohv/
uhjdugohvv ri wkh vkdsh ri wkh wqhvv ixqfwlrq ) dqg ri wkh frpsrvlwlrq ri
wkh srsxodwlrq1 Wklv lv d surshuw| ri dq| OUH exw qrw ri d vlwxdwlrq zklfk
zrxog mxvw eh d Zdoudvldq htxloleulxp1 Lq rwkhu zrugv/ Rs pd| wudqvlwrulo|
glhu iurp _M
_MnsM
exw lq wkh orqj0uxq lw kdv wr eh htxdo wr lw1
Wkh lqwxlwlrq lv dv iroorzv= li wkh MM w|sh zhuh qrw lqglhuhqw ehwzhhq
wkh wzr jrrgv/ lw zrxog vshfldol}h lq rqh ri wkhp/ dqg dq| w|sh zklfk vxs0
solhv wkh rwkhu zrxog eh vwulfwo| zruvh0r/ l1h1 ohvv w/ wkdq MMc vlqfh lwv
surgxfwlylw| dw grlqj lw lv dw prvw dv kljk dv wkdw ri MMc zklfk vwulfwo|
suhihuv qrw vxsso|lqj lw1 Wkhq/ doo vxssolhuv ri wklv jrrg judgxdoo| glvdsshdu
uhodwlyh wr wkh uhvw ri wkh srsxodwlrq/ dqg wklv fdqqrw eh lq htxloleulxp1
Sduw +ll, whoov xv wkdw rqh ri wkh wzr udoohohv kdv wr glvdsshdu/ ehfdxvh
ri wkh uu w|sh dfwlqj dv d jhqhwlf zhoo1 Zkdw lv lpsruwdqw/ krzhyhu/ lv
wkdw rqo| rqh orz wqhvv jhqh kdv wr glvdsshdu/ zkhuhdv doo ri wkhp zhuh
hyhqwxdoo| holplqdwhg xqghu dxwdun|1 Wudgh doorzv ohvv w shrsoh wr vshfldol}h
lq wkh dfwlylw| zkhuh wkh| fdq pdwfk wkh ehvw/ wkxv pdnlqj wkhlu jhqhwlf
ghflhqflhv luuhohydqw iru wkhlu vxuylydo1 Frqvhtxhqwo|/ wkhvh lqihulru jhqhv
duh sdvvhg wr wkh qh{w jhqhudwlrq zlwk wkh vdph iuhtxhqf| dv vxshulru rqhv/
dqg duh qr orqjhu holplqdwhg lq wkh orqj uxq1 Wkh uu0w|sh/ rq wkh rwkhu
kdqg/ kdv dq devroxwh glvdgydqwdjh lq doo dfwlylwlhv dqg dv orqj dv pdwlqj
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ehwzhhq shrsoh zlwk dq u0jhqh surgxfhv vrph uurc wkh u jhqhv judgxdoo|
glvdsshdu lq uhodwlyh whupv1 Exw wklv surfhvv vwrsv zkhq M lv {hg dw rqh ri
wkh wzr orfdwlrqv/ vlqfh qr qhz uu lv wkhq surgxfhg1
Lw lv hdv| wr frqvwuxfw htxloleuld zkhuh wkh u0doohoh vxuylyhv dw rqh orfd0
wlrq1 Wr gr wklv ohw xv vlpso| wdnh wkh Ohrqwlhi wqhvv ixqfwlrq )Esc _ 
4?Esc _ Ohw xv frqvwuxfw dq OUH zkhuh ?MM : f dqg ?Mu : f Vlqfh MM
lv lqglhuhqw ehwzhhq wkh wzr dfwlylwlhv/ Mu pxvw vshfldol}h lq s Wkxv lwv
vxsso| ri s lv ?MusM c dqg lwv lqfrph lv -EMuc
_M
_MnsM
 ’ _MsM
_MnsM
 Lwv ghpdqg
iru s lv wkhq rewdlqhg e| soxjjlqj s ’ _ lq lwv exgjhw frqvwudlqw +;,1 Zh jhw
s(EMu ’ _(EMu ’
_MsM
_M n sM
Wkh lqfrph ri MM lv dovr htxdo wr _MsM
_MnsM
dqg lwv ghpdqg lv wkhuhiruh wkh
vdph=
s(EMM ’ _(EMM ’
_MsM
_M n sM
Wr jhw dq htxloleulxp lw pxvw eh wkdw wkh wrwdo ghpdqg iru s h{fhhgv
zkdw Mu lv vxsso|lqj1 Wkh glhuhqfh lv wkhq vxssolhg e| MM Wkxv lw pxvw
eh wkdw=
_MsM
_M n sM
E?MM n ?Mu  ?MusM c
ru htxlydohqwo|
?Mu 	
_M
_M n sM
 +44,
Wklv frqglwlrq lv qhfhvvdu| dqg vx!flhqw iru dq hfrqrplf htxloleulxp1
Wkhq qrwlqj wkdwMu dqgMM kdyh wkh vdph pruwdolw| udwh/ rqh fdq wulyldoo|
fkhfn wkdw wkh vwdwlrqdulw| frqglwlrqv E7  duh vdwlvhg1 Lq idfw dq| lqlwldo
glvwulexwlrq vdwlvi|lqj ?uM ’ ?uu ’ f dqg +44, zloo lqghqlwho| uhsurgxfh
lwvhoi/ zlwkrxw dq| wudqvlwlrqdo g|qdplfv1
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Wkxv/ dv orqj dv wkh sursruwlrq ri Mu lq wkh srsxodwlrq lv qrw wrr kljk/
wkh hfrqrp| fdq eh lq dq OUH zlwk vwdwlrqdu| sursruwlrqv ri hdfk w|sh1
Lq vxfk dq htxloleulxp/ wqhvv lv vlpso| htxdo wr s ’ _ ’ - ’ _MsM
_MnsM

Wkxv pruwdolw| lv htxdo wr
>EMM ’ >EMu ’ 7> ’
_MsM
_M n sM
 +45,
Qrwh dovr wkdw wkh UKV ri +44, lv juhdwhu/ wkh juhdwhu wkh pd{lpxp sur0
gxfwlylw| ohyho lq wkh _dfwlylw| uhodwlyh wr wkh sdfwlylw|1 Zkhq _M*sM
lv odujh/ rqo| d ihz shrsoh duh qhhghg wr surgxfh vrflhw|*v ghpdqg iru wkh
_jrrg +ehfdxvh wklv ghpdqg lv lqhodvwlf gxh wr wkh frpsohphqwdulw| eh0
wzhhq wkh wzr dfwlylwlhv lq surgxflqj wqhvv,1 Vlqfh doo ri wkhvh shrsoh pxvw
eh ri jhqrw|sh MM lq htxloleulxp/ htxloleulxp h{lvwv li ?MM lv odujh hqrxjk
uhodwlyh wr wkh uhtxluhg qxpehu ri shrsoh zkr pxvw surgxfh _ Wklv lv pruh
olnho| wr eh wkh fdvh/ wkh vpdoohu wklv qxpehu/ l1h1 wkh juhdwhu _M*sM 
Vlploduo| iru dq OUH zlwk MM dqg uM lq wkh srsxodwlrq/ d qhfhvvdu|
dqg vx!flhqw frqglwlrq lv
?uM 	
sM
_M n sM

Zkloh Sursrvlwlrq 5 kdv fkdudfwhul}hg wkh htxloleulxp lq whupv ri sulfhv
dqg jhqrw|slf frpsrvlwlrq/ wkh iroorzlqj rqh frpsduhv wudgh dqg dxwdun| lq
whupv ri wrwdo srsxodwlrq1
SURSRVLWLRQ 6  +l, Wkh orqj0uxq srsxodwlrq jurzwk udwh lv wkh vdph
xqghu wudgh dqg dxwdun|
+ll, Iru jlyhq lqlwldo frqglwlrqv/ srsxodwlrq dw dq| vxevhtxhqw gdwh lv
odujhu xqghu wudgh wkdq dxwdun|1
Surri  +l, iroorzv iurp wkh revhuydwlrq wkdw dyhudjh pruwdolw| lv wkh vdph
xqghu erwk fdvhv1 Wr vhh wklv/ qrwh wkdw wkh lqfrph ri dq| w|sh xqghu wudgh
48
pxvw eh wkh vdph dv wkdw ri MMc l1h1 _MsM*E_M n sM Frqvhtxhqwo|/ wkh
exgjhw frqvwudlqw xqghu wudgh/ l1h1
_Ms
(
_M n sM
n
sM_
(
_M n sM
’
_MsM
_M n sM
c
lv htxlydohqw wr wkh MM w|sh*v wlph doorfdwlrq frqvwudlqw xqghu dxwdun|/ l1h1
s
sM
n
_
_M
’ 
Wkxv doo w|shv fkrrvh wkh vdph wqhvv dv wkh MM w|sh xqghu dxwdun|/
|lhoglqj wkh vdph orqj0uxq srsxodwlrq jurzwk udwh1 Wr suryh +ll,/ mxvw qrwh
wkdw iru dq| jlyhq w|sh/ wqhvv lv dozd|v kljkhu xqghu wudgh wkdq xqghu
dxwdun|1
Sursrvlwlrq 6 fohduo| ljqruhv skhqrphqd vxfk dv wkh ghprjudsklf wudq0
vlwlrq/ zkhq lqfuhdvhg wqhvv pd| phdq orzhu srsxodwlrq jurzwk +Vhh Jdoru
dqg Prdy +5333, iru dq dqdo|vlv,1 Vxfk hhfwv frxog eh uhlqwurgxfhg e|
hqgrjhql}lqj eluwk udwhv1
9 D jhqhudol}dwlrq
Wklv vhfwlrq jhqhudol}hv wkh suhfhglqj uhvxowv e| dqdo|}lqj wkh fdvh ri d
fkurprvrph zlwk pruh wkdq 5 orfl1 Wr gr vr/ zh pxvw uvw lqwurgxfh vrph
qrwdwlrqv/ dqg hvwdeolvk vrph edvlf uhvxowv uhjduglqj wkh vwuxfwxuh ri jhqr0
w|slf glvwulexwlrq lq d vwhdg| vwdwh/ lqghshqghqwo| ri krz wqhvv lv lq xhqfhg
e| pdunhwv1
914 Qrwdwlrqv dqg jhqhwlf surshuwlhv ri vwdwlrqdu| srs0
xodwlrqv
Wkhuh duh ^ orfl dqg dw hdfk orfxv 5 srvvleoh doohohv/ ghqrwhg e| M dqg u D
jhqrw|sh } lv d vhtxhqfh EVc c V^ ri jhqhv zlwk V 5 iMcuj Jlyhq }c zh
ghqrwh e| }do lwv doohoh dw orfxv 
D nh| wdvn lq h{whqglqj wkh suhylrxv vhfwlrq*v uhvxowv lv wr sxw hqrxjk
vwuxfwxuh rq wkh rughulqj ri glhuhqw jhqrw|shv zlwk uhvshfw wr wqhvv1 Wkxv/
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zh ghqh wkh jhqhwlf grzqjudglqj rshudwru dw orfxv  dv dvvrfldwlqj wr hdfk
jhqrw|sh } d jhqrw|sh A} vxfk wkdw A}do ’ }doc  9’ c A}do ’ u Vlploduo|
rqh fdq grzqjudgh ryhu dq| vxevhw 7 ri orfl/ e| xvlqj wkh rshudwru A7 ghqhg
e|
A7} ’M7A}
Vlploduo| wkh jhqhwlf xsjudglqj rshudwru L lv ghqhg e| L}do ’ }doc  9’
c L}do ’ M Rqh kdv LA ’ L dqg AL ’ A
Dv suhylrxvo|/ zh dvvxph wkdw dq M0doohoh idyruv wqhvv1 Wkdw lv/ hdfk
jhqrw|sh } kdv d vshflf pruwdolw| udwh >E} dqg wkh iroorzlqj lqhtxdolw|
krogv=
>EA}  >E};}
Ru/ htxlydohqwo|:
>EL}  >E};} +46,
Zh ghqrwh e| }4@ ’ iMc Mj wkh wwhvw srvvleoh jhqrw|sh/ dqg e|
}4? ’ iuc c uj wkh ohdvw w1
Frqvlghu qrz wzr jhqrw|shv/ } dqg } Zh ghqrwh e| }  } wkh qxpehu
ri orfl zkhuh doohohv glhu ehwzhhq } dqg } Wkhq/ }  } lv ghqhg dv wkh
vhw ri srvvleoh rvsulqjv ri } dqg } Lw lv rewdlqhg e| frqvlghulqj doo wkh
srvvleoh frpelqdwlrqv ri doohohv dw wkh orfdwlrqv zkhuh wkh| glhu lq wkh wzr
jhqrw|shv1 Wkdw lv=
}  } ’ i} v1w1 }do ’ }do b }do ’ }doc ;j +47,
:Wr vhh wkdw wkhvh wzr frqglwlrqv duh htxlydohqw/ dvvxph wkdw wkh uvw rqh krogv dqg wkdw
wkh vhfrqg grhv qrw1 Wkhq iru vrph j> +Xlj, A +j,= Wkhuhiruh/ Xlj 9@ j> lpso|lqj j^l` @
O= Exw/ wkhq WlXlj @ j> dqg +j, @ +WlXlj,  +Xlj,> zklfk lv fohduo| d frqwudglfwlrq1
V|pphwulfdo uhdvrqlqj suryhv wkdw li wkh vhfrqg frqglwlrq krogv/ wkh uvw pxvw dovr krog1
4:
Wkhuh duh 2}u}

vxfk frpelqdwlrqv/ dqg hdfk ri wkhp frphv rxw zlwk sured0
elolw| *2}u}


Ohw }/ dqg } eh dq duelwudu| jhqrw|sh1 Zh ghqrwh e| }  } wkh vhw ri
pdwhv ri } zklfk pd| srvvleo| |lhog } dv dq rvsulqj1 Wkdw lv=
}  } ’ i} v1w1 }do ’ }do b }do ’ }doc ;j
Wkh vwdu dqg xsjudgh rshudwruv duh olqnhg e| wkh iroorzlqj xvhixo
surshuw|=
SURSHUW\ S4  Li }do ’ u dqg }do ’ Mc wkhq
}  A}
 ’ L}  }

SURRI  Wklv lv htxlydohqw wr surylqj wkh iroorzlqj=
} 5 }  A}
 +, L} 5 }
  }c
iru dq| } Wr vhh wklv/ mxvw qrwh wkdw iru  9’ c A}do ’ }do dqg L}do ’
}doc wkhuhiruh E}do ’ }do b A}do ’ }do/ E}do ’ L}do b L}do ’ }do 
Ilqdoo|/ qrwh wkdw }do ’ u dqg }do ’ Mc vr wkdw erwk E}do ’ }do b A}do ’ }do
dqg E}do ’ L}do b L}do ’ }do duh dozd|v wuxh1 T1H1G1
Zlwk wklv qrwdwlrqdo dssdudwxv/ zh duh qrz uhdg| wr h{whqg wkh srsxod0
wlrq dqdo|vlv ri vhfwlrq 51 Wkh glvwulexwlrq ri jhqrw|shv hyroyhv dffruglqj wr
wkh iroorzlqj htxdwlrq=
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?} +48,
Vxpplqj ryhu doo w|shv/ zh jhw wkdw wkh srsxodwlrq jurzwk udwh vwloo reh|v
+8,=
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zkhuh 7>| lv djdlq wkh dyhudjh pruwdolw| udwh lq wkh srsxodwlrq=
7>| ’
[
}
>E}?}
Htxdwlrqv vxfk dv +9, vwloo krog1 Ohw  ’
S
}c}do'M ?} wkh vkduh ri wkh
srsxodwlrq zlwk wkh M0doohoh dw orfxv  Ohw
7> ’
S
}c}do'M >E}?}


Wkhq/ vxpplqj +48, ryhu doo w|shv vxfk wkdw }do ’ Mc zh jhw=
 n ED  7>| ’ D
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zkhuh wkh 425 frh!flhqwv fdswxuh wkh idfw wkdw 83 ( ri wkh rsvulqjv ri wkh
pdwlqj ehwzhhq d w|sh zlwk M dw  dqg d w|sh zlwk u dw  kdyh dq M dw c
dqg 7> lv wkh dyhudjh pruwdolw| udwh ri shrsoh zlwk dq M dw  Khqfh zh djdlq
jhw wkh htxlydohqw ri +9,=


’ 7>|  7>| +49,
Zh duh qrz lq d srvlwlrq wr h{whqg Ohppd 4/ zklfk sod|hg d nh| uroh lq
fkdudfwhul}lqj orqj0uxq htxloleuld1
OHPPD 5  Lq dq| vwdwlrqdu| htxloleulxp vxfk wkdw ?} ’ fc ;}c
+l, Doo w|shv vxfk wkdw ?} : f pxvw kdyh wkh vdph pruwdolw| udwh
4<
+ll, ;}c }(?} : fc ?} : fc } 5 }  } , ?} : f
+lll, Wkh glvwulexwlrq ri jhqrw|shv fdq eh ghgxfhg iurp wkh glvwulexwlrq
ri jhqhv e| wkh iroorzlqj irupxod=
?} ’
\
c}do'u
E 
\
c}to'M

SURRI  Vhh Dsshqgl{1
Ohppd 5 whoov xv wkdw lq vwhdg| vwdwh/ doo h{lvwlqj w|shv pxvw kdyh wkh
vdph pruwdolw| udwh/ zklfk lv w|slfdoo| wkdw ri wkh wwhvw w|sh >E}4@  li qr
udoohoh lv {hg1 Wklv lv ehfdxvh kljk pruwdolw| w|shv w|slfdoo| kdyh pruh
u0doohohv ehfdxvh ri wkh wqhvv udqnlqj surshuw| +46,/ vr wkdw dv orqj dv
wkh| h{lvw wklv whqgv wr glplqlvk wkh sursruwlrq ri dw ohdvw vrph u0doohohv
lq wkh srsxodwlrq1 Ilqdoo|/ sduw +lll, whoov xv wkdw lq wkh orqj0uxq/ vh{xdo
uhsurgxfwlrq dqg udqgrppdwfklqj dfklhyh wkh pd{lpxp pl{lqj ri d jlyhq
glvwulexwlrq ri jhqhv lq wkh srsxodwlrq/ lq wkdw wkh suredelolw| ri jhwwlqj d
jlyhq doohoh dw d jlyhq orfxv lv jlyhq e| wkh sursruwlrq ri wkdw doohoh lq wkh
srsxodwlrq/ dqg wkhuhiruh lqghshqghqw ri zkdwhyhu rwkhu doohohv duh suhvhqw
dw rwkhu orfl1 Qrwh krzhyhu wkdw wkh glvwulexwlrq ri jhqhv ij pxvw eh wkh
htxloleulxp rqh/ l1h1 lw lv hqgrjhqrxv/ xqohvv doo h{lvwlqj w|shv lq wkh lqlwldo
glvwulexwlrq ri jhqrw|shv kdyh wkh vdph pruwdolw| dqg vdwlvi| +lll,lq zklfk
fdvh wkh glvwulexwlrq ri jhqhv lv suhvhuyhg dqg lq wkh orqj0uxq lv htxdo wr wkh
lqlwldo rqh1
Dqrwkhu zd| wr ylhz wklv pl{lqj surshuw| lv wr xvh wkh frqfhsw ri hqwurs|1
Ohw xv ghqh jhqhwlf hqwurs| dv
7 ’
[
}
?} *??}
Wkh surshuwlhv ri hqwurs| dv d phdvxuh ri glvrughu/ l1h1 dq lqyhuvh phd0
vxuh ri lqirupdwlrq/ duh zhoo nqrzq +vhh Vkdqqrq+4<7;,,1 Qrz/ wkh iroorzlqj
ohppd whoov xv wkdw lq wkh orqj0uxq/ jhqhv pxvw eh glvwulexwhg lq wkh srsx0
odwlrq vr dv wr pd{lpl}h jhqhwlf hqwurs|1
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OHPPD 6  Lq dq| vwdwlrqdu| htxloleulxp vxfk wkdw ?} ’ fc ;}c wkh glvwul0
exwlrq ri jhqrw|shv pxvw pd{lpl}h jhqhwlf hqwurs| vxemhfw wr wkh iroorzlqj
vhw ri frqvwudlqwv=
[
}c}do'M
?} ’ 
SURRI  Vhh Dsshqgl{
915 Uhlqwurgxflqj pdunhwv
Zh qrz ghvfuleh krz dq lqglylgxdo*v jhqrw|sh dhfwv klv surgxfwlylw| dw
ydulrxv dfwlylwlhv1
Wkh doohoh suhvhqw dw d jlyhq orfxv  ghwhuplqhv wkh lqglylgxdo*v surgxfwly0
lw| dw d fruuhvsrqglqj dfwlylw| ghqrwhg e| wkh vdph lqgh{  Wklv surgxfwlylw|
lv htxdo wr 5c zklfk lv 5M li wkh doohoh lv M dqg 5u li lw lv uZh vkdoo dvvxph
5u 	 5M Wkh wlph doorfdwlrq frqvwudlqw ri dq lqglylgxdo zlwk jhqrw|sh } lv
wkhuhiruh jlyhq e|
^[
'
%
5
 c +4:,
zkhuh % lv wkh lqglylgxdo*v rxwsxw lq dfwlylw| c dqg 5 ’ 5M +uhvs1 5uc l
}do ’ M +uhvs1 }do ’ u,
Ilqdoo| wkh lqglylgxdo*v wqhvv lv

>E}
’ )E+c c +^c
zkhuh + lv wkh lqglylgxdo*v frqvxpswlrq ri dfwlylw| c dqg ) vdwlvhv wkh vdph
surshuwlhv dv suhylrxvo|1 Xqghu dxwdun|/ zh kdyh + ’ %c dqg wkh iroorzlqj
uhvxow krogv=
SURSRVLWLRQ 6  Xqghu dxwdun|/ >EA} : >E} li }do ’ M Frq0
vhtxhqwo|/ lq dq| OUH vxfk wkdw  : fc ;c doo lqglylgxdov duh ri jhqrw|sh
}4@ c l1h1 wkh K0doohoh lv {hg dw doo orfdwlrqv1
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Surri  W|sh A} kdv d pruh xqidyrudeoh wlph exgjhw frqvwudlqw wkdq
w|sh } Wkhuhiruh/ lw dfklhyhv d orzhu wqhvv1 Wkh uhvw iroorzv iurp Ohppd
51 T1H1G1
Ohw xv qrz orrn dw wkh wudgh fdvh1 Dv lq wkh suhfhglqj dqdo|vlv/ wkh sulfh
yhfwru ER vdwlvhv wkh iroorzlqj qrupdol}dwlrq
^[
'
R ’  +4;,
Shrsoh doorfdwh wkhlu wlph ehwzhhq ydulrxv dfwlylwlhv vr dv wr pd{lpl}h
wkhlu lqfrph -E} ’
S^
' R%c vxemhfw wr wkh wlph doorfdwlrq frqvwudlqw +4:,1
Wkhlu ghpdqg yhfwru lv wkh rqh zklfk pd{lpl}hv ) vxemhfw wr wkhlu exgjhw
frqvwudlqw=
^[
'
R+ ’ -E}
W|shv zlwk orzhu lqfrphv pxvw dfklhyh orzhu wqhvv dqg wkhuhiruh glv0
dsshdu lq wkh orqj0uxq1 Wkh iroorzlqj sursrvlwlrq jhqhudol}hv wkh uhvxowv
ghulyhg iru wkh wzr orfl fdvh1
SURSRVLWLRQ 7  +l, Lq dq| OUH vxfk wkdw  : fc ;c d jlyhq w|sh
rqo| vxssolhv jrrgv fruuhvsrqglqj wr Mdoohohv lq lwv jhqrw|sh= %E} : f ’,
}do ’ M
+ll, Lq dq| OUH vxfk wkdw  : f/ wkh sulfh yhfwru lv s- ’ ER
W
c c R
W
^
vxfk wkdw
RW ’
*5MS


5M
+4<,
+lll, Lq dq| OUH/ wkhuh h{lvwv d orfxv  vxfk wkdw  ’ c l1h1 doohoh K lv
{hg dw orfxv 
Surri ri +l,  Li  : f iru doo c ?}4@ : f +Ohppd 5/ +lll,,1 Dvvxph wkhuh
h{lvwv d jhqrw|sh } vxfk wkdw %,E} : f iru , vxfk wkdw }d,o ’ u Fohduo|/
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wkh sodq E%E}c c %,E}
5M,
5u,
c c %^E} dfklhyhv d vwulfwo| kljkhu lqfrph ohyho
dqg lv ihdvleoh +l1h1 vdwlvhv +4:,, iru }4@  Frqvhtxhqwo|/ -E}4@  : -E}c
lpso|lqj >E}4@  	 >E}c zklfk fdq*w krog lq OUH vlqfh lw lv suhfoxghg e|
Ohppd 51 Frqvhtxhqwo|/ dq| w|sh } rqo| vxssolhv jrrgv zkhuh lw kdv dq
M0doohoh1
Surri ri +ll,  Wkh sulfh yhfwru ghqhg e| +4<, lv wkh rqh zklfk pdnhv
w|sh }4@ lqglhuhqw ehwzhhq doo dfwlylwlhv1 Dvvxph wkhuh h{lvwv dq OUH zlwk
d glhuhqw sulfh yhfwru1 Wkhq wkhuh h{lvwv d sdlu ri jrrgv Ec & vxfk wkdw
R
R&
	
5M&
5M
c +53,
dqg %E}4@  ’ f vlqfh pruh lqfrph lv |lhoghg iru w|sh }4@ e| rhulqj
jrrg & wkdq jrrg 
Vlqfh ) vdwlvhv wkh Lqdgd frqglwlrqv/ wkh ghpdqg iru jrrg  lv vwulfwo|
srvlwlyh> vlqfh }4@ grhv qrw vxsso| jrrg c wkhuh h{lvwv } 9’ }4@ vxfk wkdw
?} : f dqg %E} : f E| yluwxh ri +l,/ }do ’ M Wkh lqfrph ri w|sh } lv
-E} ’
S^
' R%E} ’
S
 ' R%E} n R%E} Wkh vxsso| yhfwru E%E} lv
ihdvleoh iru w|sh }4@ vlqfh }4@ lv pruh surgxfwlyh wkdq dq| rwkhu w|sh dw
doo dfwlylwlhv1 Wkh vxsso| yhfwru +% ghqhg e| %

 ’ %E}c  9’ c &c %

 ’
fc %& ’ %&E}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dovr vdwlvhv +4:,1 Wkhuhiruh/
-E}4@  
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zkhuh wkh odvw lqhtxdolw| frphv iurp +53,1 Exw/ wklv fdqqrw krog vlqfh lw
djdlq lpsolhv >E}4@  	 >E}c zklfk frqwudglfwv ohppd 51 Wklv suryhv +ll,1
T1H1G1
Surri ri +lll,  Li qrw/ wkhq ?}4? : f +Ohppd 5/ lll,1 Exw wkhq +l, zrxog
eh ylrodwhg1
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Wkh suhfhglqj sursrvlwlrq whoov xv zkdw surshuwlhv dq OUH pxvw qhfhv0
vdulo| kdyh/ exw grhv qrw whoo xv zkhwkhu dq OUH h{lvwv dqg zkhwkhu/ dv lq wkh
suhfhglqj dqdo|vlv/ rqh fdq frqvwuxfw htxloleuld zlwk d srvlwlyh ohyho ri vrph
u0doohohv1 Zh qrz hvwdeolvk d uhvxow zklfk jhqhudol}hv frqglwlrq +44,/ zklfk
whoov xv wkdw dq OUH h{lvwv zlwk d vwulfwo| srvlwlyh sursruwlrq ri O0doohohv/
surylghg wkhvh doohohv duh qrw wrr iuhtxhqw1
Wr gr vr/ iru dq| vxevhw 7 ri ic ^j zh ghqh 7 dv 7 ’ i}c }do ’ M ,
 5 7j 7 lv wkh vhw ri doo jhqrw|shv vxfk wkdw wkh orfl ri wkhlu M0doohohv duh
doo lq 7 E| h{whqvlrq zh vhw > ’ i}4?j
SURSRVLWLRQ 8  Ohw -sEs eh wkh lqyhuvh ghpdqg ixqfwlrq iru wkh
wqhvv pd{lpl}dwlrq sureohp ri dq lqglylgxdo zlwk lqfrph - idflqj sulfh
yhfwru s Ohw
( ’
S


5M
sEs-
Wkhq wkhuh h{lvwv dq OUH zlwk d glvwulexwlrq i?}j ri jhqrw|shv li dqg
rqo| li wklv glvwulexwlrq vdwlvhv wkh iroorzlqj surshuw|=
;7  ic ^jc
[
M7
(
5M

[
}M 7
?} +54,
Surri  Vhh Dsshqgl{1
Fohduo|/ frqglwlrqv +54, duh suhww| vwulqjhqw/ vr wkdw lw lv qrw vwudljkwiru0
zdug wr frqvwuxfw dq htxloleulxp1 Krzhyhu iru ?}4@ forvh hqrxjk wr 4/ l1h1
?} vpdoo hqrxjk zkhq } 9’ }4@ c wkh| duh fohduo| vdwlvhg/ vlqfh ?}4@ ds0
shduv rq wkh UKV rqo| iru 7 ’ ic ^jc lq zklfk fdvh +54, lv dozd|v vdwlvhg
zlwk htxdolw|/ gxh wr Zdoudv* odz=
S^
'
(
5M
’
S^
' R
W
 sEs
W ’  ’
S
} ?}
1 Wkhuhiruh wkhuh dozd|v h{lvw htxloleuld zlwk d vwulfwo| srvlwlyh iudfwlrq ri
jhqrw|shv zlwk u0doohohv/ surylghg wklv iudfwlrq lv vpdoo hqrxjk1
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: Wkh lpsdfw ri wudgh rq froohfwlyh wqhvv=
wkh uroh ri hqylurqphqwdo vkrfnv
Rqh txhvwlrq ri lqwhuhvw lv= grhv d srsxodwlrq zklfk wudghv gr ehwwhu wkdq rqh
zklfk grhv qrw/ e| hqrxjk wr gulyh rxw wkh odwwhu iurp h{lvwhqfh lq wkh orqj0
uxqB Dv zh kdyh vhhq deryh/ iru wkh vdph lqlwldo glvwulexwlrq ri jhqrw|shv
d wudglqj vrflhw| zloo kdyh d odujhu srsxodwlrq lq wkh orqj0uxq wkdq d qrq
wudglqj rqh/ exw wkhvh wzr srsxodwlrqv zloo jurz dw wkh vdph udwh1 Khqfh/
wkh iruphu zloo eh odujhu wkdq wkh odwwhu exw zloo qrw holplqdwh lw1 Li/ rq wkh
rwkhu kdqg/ lw zhuh wkh fdvh wkdw wudgh lqfuhdvhg srsxodwlrq jurzwk/ wkhq d
wudglqj srsxodwlrq zrxog hyhqwxdoo| ehfrph lqqlwho| odujh uhodwlyh wr d qrq
wudglqj rqh/ vr wkdw wkh odwwhu kdv ehhq holplqdwhg lq uhodwlyh whupv1
Lw wxuqv rxw wkdw wudgh dfklhyhv d juhdwhu srsxodwlrq jurzwk udwh li rqh
doorzv iru vkrfnv wr wkh hqylurqphqw vxfk wkdw wkh uhodwlyh vxuylydo ydoxh ri
M yv1 u0doohohv fdq eh lqyhuwhg1 D w|slfdo h{dpsoh ri vxfk dq lqyhuvlrq lq
qdwxuh lv vnlq froru1 Ehduv lq zdup folpdwhv duh gdun/ zkloh ehduv lq frog
folpdwh duh zklwh1 Wkxv dq doohoh idyrxulqj d zklwh vnlq zrxog eh frqvlghuhg
dv M lq d frog folpdwh/ exw zrxog kdyh wr eh uh0fodvvlhg dv u li wkhuh
lv folpdwh fkdqjh1
Li vxfk hqylurqphqwdo fkdqjhv fdq rffxu/ wkhq wkh shuvlvwhqfh ri u
jhqhv xqghu wudgh lv dq dvvhw iru wkh srsxodwlrq dv d zkroh1 Lw doorzv lw
wr glyhuvli| lwv jhqhwlf frpsrvlwlrq vr dv wr ehwwhu frsh zlwk hqylurqphqwdo
fkdqjh1
Jrlqj edfn wr wkh vlpsoh prgho ri vhfwlrq 5/ dqg dvvxplqj d Ohrqwlhi
wqhvv ixqfwlrq/ frqvlghu d srsxodwlrq zlwkrxw wudgh1 Zh nqrz wkdw lq vwhdg|
vwdwh rqo| wkh wwhvw w|sh vxuylyhv/ vr wkdw ?MM ’  Wklv srsxodwlrq jurzv
dw udwh D >fc zkhuh >f lv wkh plqlpxp dxwdunlf pruwdolw| ri wkh MM w|sh/
l1h1
>f ’
_M n sM
_MsM
Qrz/ dvvxph wkdw wklv srsxodwlrq lv vxemhfw wr dq hqylurqphqwdo vkrfn
vxfk wkdw wkh surgxfwlylw| ri MM dw dfwlylw| _ lv qrz _uc udwkhu wkdq _M c
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zkloh wkdw ri w|sh Mu lv qrz _M  Srsxodwlrq qrz jurzv dw wkh udwh fruuh0
vsrqglqj wr d srsxodwlrq hqwluho| pdgh ri Mu lqglylgxdov/ l1h1 D>c zkhuh
> lv jlyhq e|
> ’
_u n sM
_usM
: >f
Wklv vxjjhvwv wkdw rq dyhudjh/ zkhq wkhuh duh vkrfnv wr wkh hqylurqphqw/
srsxodwlrq zloo jurz dw d udwh vwulfwo| orzhu wkdq D>f Qrz/ wklv uhdvrqlqj
lv qrw txlwh fruuhfw/ vlqfh zkhq wkhuh duh uhshdwhg hqylurqphqwdo vkrfnv/
wkhuh lv qr uhdvrq zk| srsxodwlrq vkrxog hqwluho| eh pdgh ri MM w|shv1
Udwkhu/ dv orqj dv hqylurqphqwdo vkrfnv gr qrw dhfw surgxfwlylw| ri wkh s 0
dfwlylw|/ lw zloo eh pdgh ri erwk MM dqg Mu w|shv/ zlwk wkh iruphu whqglqj
wr rxwqxpehu wkh odwwhu zkhq wkh hqylurqphqw idyrxuv wkhp/ dqg whqglqj
wr glvdsshdu zkhq lw kxuwv wkhp1 Lq vxfk d fdvh/ pruwdolw| zloo dozd|v eh d
zhljkwhg dyhudjh ri >f dqg >c zlwk vwulfwo| srvlwlyh zhljkwv/ dqg srsxodwlrq
jurzwk zloo eh vpdoohu wkdq D  >f
Dvvxph iru h{dpsoh wkdw wkh hqylurqphqw fkdqjhv ehwzhhq wzr vwdwhv/
	M dqg 	uc vxfk wkdw wkh surgxfwlylw| ri MM +uhvs1 Mu dw wkh g0dfwlylw|
lv _M +uhvs1 _u lq wkh 	M vwdwh dqg _u +uhvs1 _M lq wkh 	u vwdwh1 Dvvxph
wudqvlwlrqv ehwzhhq wzr vwdwhv iroorz d Srlvvrq surfhvv/ zlwk d  rz wudqvlwlrq
suredelolw| htxdo wr bu iurp 	M wr 	u dqg htxdo wr bM iurp 	u wr 	M Wkhq rqh
fdq vkrz +vhh Dsshqgl{, wkdw wkh xqfrqglwlrqdo h{shfwdwlrq ri pruwdolw| lv
htxdo wr
.E7> ’
>fE>  >f
bM n bu n >  >f
n
>fEb
2
M n b
2
u n 2>bMbu
EbM n bu n >  >f EbM n bu
c
zklfk/ dv wkh uhdghu fdq wulyldoo| fkhfn/ lv vwulfwo| deryh >f
Rq wkh rwkhu kdqg/ frqvlghu d wudglqj hfrqrp| zlwk d sursruwlrq ?MM
ri MM w|shv/ dqg  ?Mu ri Mu w|shv/ vxfk wkdw
4@ E?MM c  ?MM 	
_M
_M n sM

59
Dffruglqj wr wkh uhvxowv dw wkh hqg ri vhfwlrq 5/ wklv glvwulexwlrq lv dq
htxloleulxp lq erwk wkh 	M dqg 	u vwdwhv1 Lq wkh 	M vwdwh/ wkh zhdn w|sh
Mu dfklhyhv wkh orzhvw pruwdolw| udwh e| vshfldol}lqj lq wkh s jrrg/ zkloh
lq wkh 	u vwdwh/ wkh zhdn w|sh lv MM dqg lw lv wkh rqh zklfk vshfldol}hv lq s
Wkhuhiruh/ lq erwk vwdwhv pruwdolw| lv wkh vdph iru erwk w|shv dqg jlyhq e|
+45,/ l1h1 lw lv htxdo wr >f Frqvhtxhqwo|/ srsxodwlrq jurzv dw udwh D  >f
Iurp wkhuh rqh pd| dujxh wkdw li srsxodwlrqv zlwk glhuhqw lqvwlwxwlrqv
frpshwh zlwk hdfk rwkhu iru odqg dqg qdwxudo uhvrxufhv/ wudglqj srsxodwlrqv
zloo hyhqwxdoo| holplqdwh qrq wudglqj rqhv ehfdxvh ri wkhlu idvwhu srsxodwlrq
jurzwk udwh1 Wklv zrxog qrw eh wuxh lq wkh devhqfh ri hqylurqphqwdo vkrfnv1
Khqfh zh jhw wkh lqwhuhvwlqj suhglfwlrq wkdw hqylurqphqwdo yrodwlolw| vshhgv
xs lqvwlwxwlrqdo hyroxwlrq1
; Dssolfdwlrqv
Lq wklv vhfwlrq/ L glvfxvv vrph uhdo0zruog dssolfdwlrqv ri wkh wkhru| rxwolqhg
deryh1
Iluvw/ lw pd| vkhg oljkw rq d sx}}oh uhjduglqj khulwdelolw| ri hfrqrplf shu0
irupdqfh1 Khuh/ wr vlpsoli|/ wkhuh lv d frq lfw ehwzhhq vrfldo vflhqwlvwv/ zkr/
orrnlqj dw lqfrph/ whqg wr idyru wkh hqylurqphqw/; dqg sv|fkrphwulvwv/ zkr/
e| orrnlqj dw whvw vfruhv/ lqvlvw rq wkh jhqhwlf ghwhuplqdqwv ri lqwhooljhqfh1<
Iru h{dpsoh/ Ehfnhu dqg Wrphv +4<;9, qg wkdw uhjuhvvlrq wr wkh phdq lq
whupv ri lqfrph wdnhv sodfh txlwh txlfno|/ zklfk lv vrphzkdw dw yduldqfh
zlwk wkh ylhz wkdw hfrqrplf shuirupdqfh lv khulwdeoh +dowkrxjk udqgrpqhvv
lq pdwlqj dqg frpsoh{lw| lq wkh jhqh frpelqdwlrqv wkdw pljkw ghwhuplqh
delolw| lpsolhv wkdw wkhvh qglqjv duh qrw lqfrpsdwleoh zlwk wkh lpsruwdqfh
ri jhqhv,1 Rq wkh rwkhu kdqg/ uhfhqw hylghqfh rq eudlq vwuxfwxuh/ dv zhoo dv
vwxglhv ri khulwdelolw| ri whvw vfruhv/ vxjjhvw wkdw lqwhooljhqfh kdv vxevwdqwldo
;Vhh Dvkhqihowhu dqg Nuxhjhu +4<<7,1
<Wklv ghedwh lv vrphzkdw fdswxuhg e| wkh khdwhg Ehoo fxuyh ghedwh lq wkh 4<<3v1
+Khuuqvwhlq dqg Pxuud|/ 4<<8> Ghyolq hw do1 4<<:> Fdzoh| hw do1 4<<9> Dvkhqihowhu dqg
Urxvh +4<<;,,
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jhqhwlf ghwhuplqdqwv143 Vrph sv|fkrphwulfldqv dovr lqvlvw rq wkh h{lvwhqfh
ri d jhqhudo lqwhooljhqfh idfwru } c phdqlqj wkdw shrsoh zkr shuirup zhoo lq
vrph whvw zloo dovr whqg wr shuirup zhoo lq rwkhu whvwv1
Wkh deryh prgho vxjjhvwv wkdw vshfldol}dwlrq dffruglqj wr frpsdudwlyh
dgydqwdjh orrvhqv wkh olqn ehwzhhq delolw| dqg lqfrph1 Xqghu rxu dvvxps0
wlrqv/ shrsoh zkr kdyh d juhdwhu qxpehu ri udoohohv zloo whqg wr shuirup
srruo| rq d jhqhudo delolw| whvw1 Krzhyhu wklv lv ri qr frqvhtxhqfh iru wkhlu
lqfrph dv orqj dv wkh hfrqrp| lv lq dq htxloleulxp zkhuh wkh| fdq dfklhyh wkh
vdph lqfrph ohyho e| vshfldol}lqj lq dfwlylwlhv dvvrfldwhv zlwk wkhlu M0doohohv1
Vhfrqg/ wkh deryh prgho lv uhodwhg wr wkh qhxwudolvw k|srwkhvlv surprwhg
e| d vfkrro ri elrorjlvwv vxfk dv Nlpxud +4<;6,1 Wklv dssurdfk frqwhqgv
wkdw prvw ri wkh revhuyhg jhqhwlf yduldwlrq +qrw rqo| lq kxpdqv exw lq doo
rujdqlvpv, lv gxh wr udqgrp guliw ri vhohfwlyho| qhxwudo doohohv1 Zkloh wkh
wuxwk lv suredeo| wkdw vrph doohohv duh qhxwudo dqg rwkhuv qrw/ rxu dqdo|0
vlv vxjjhvwv wkdw qhxwudolw| lwvhoi lv qrw lqghshqghqw ri vrfldo rujdql}dwlrq1
Wudgh dqg vshfldol}dwlrq lqfuhdvh wkh qxpehu ri jhqhv wkdw duh qhxwudo eh0
fdxvh h{fkdqjh rvhwv wkh wqhvv ghflw ri lqihulru doohohv1 Irupdoo|/ wklv
lv fdswxuhg e| wkh iroorzlqj surshuw| ri wkh deryh prgho= Xqghu dxwdun|/
wkh orqj0uxq frpsrvlwlrq ri wkh srsxodwlrq lv hqwluho| pdgh ri Mdoohohv
+pruh ixqgdphqwdoo|/ lw lv ghwhuplqhg e| wkh hqylurqphqw,1 Xqghu wudgh/
krzhyhu/ wkhuh h{lvwv d frqwlqxxp ri vwhdg| vwdwh glvwulexwlrq ri jhqrw|shv
frpsdwleoh zlwk vwhdg| vwdwh htxloleulxp/ dqg zklfk rqh lv uhdfkhg ghshqgv
rq lqlwldo frqglwlrqv1 Dv orqj dv wkhuh duh udqgrp vkrfnv zklfk fkdqjh wklv
glvwulexwlrq zkloh pdlqwdlqlqj wkh hfrqrp| lq wkh }rqh zkhuh wkh orqj0uxq
htxloleulxp lpsolhv wkh vdph wqhvv iru doo jhqrw|shv +l1h1 lq wkh }rqh zkhuh
wkh htxlydohqw ri +44, lv vdwlvhg,/ hyroxwlrq lv gulyhq e| udqgrp guliw udwkhu
wkdq vhohfwlyh suhvvxuh144
43Vhh Erxfkdug dqg PfJxh +4<;4,/ dqg uhfhqw vwxglhv e| Wdqj hw do1 +4<<<,/ Wvlhq
+5333,,1 dqg/ Wkrpsvrq hw do1 +5334,1
44Qrwh krzhyhu wkdw vxfk hyroxwlrq fdqqrw { dq O0doohoh dw dq| orfxv/ ehfdxvh pdunhw
irufhv zrxog sxvk xs wkh uhodwlyh sulfh iru wkh fruuhvsrqglqj jrrg/ hyhqwxdoo| ylrodwlqj
+44, dqg jlylqj d wqhvv dgydqwdjh wr jhqrw|shv zlwk dq K0doohoh dw wkdw orfxv1
5;
Wklug/ wkh prgho kdv lpsolfdwlrqv iru glhuhqfhv lq wkh glvwulexwlrq ri
vshflf jhqhv dfurvv glhuhqw kxpdq srsxodwlrqv1 Lq sulqflsoh/ rqh vkrxog
eh deoh wr hpslulfdoo| whvw wkh prgho e| frpsdulqj kxpdq srsxodwlrqv zlwk
glhuhqw ghjuhhv ri hfrqrplf dgydqfhphqw/ dqg orrnlqj dw glhuhqfhv lq wkh
iuhtxhqf| ri jhqhv dfurvv wkhvh srsxodwlrqv1 Rqh vkrxog h{shfw wr vhh jhqhv
wkdw pdnh shrsoh wwhu iru d jlyhq dfwlylw| wr eh pruh iuhtxhqw lq wkh ohvv
dgydqfhg srsxodwlrqv/ wr wkh h{whqw wkdw lw lpsolhv ohvv iuhtxhqw wudgh/ dqg
ohvv vshfldolvdwlrq/ dprqj lqglylgxdov1
Xqiruwxqdwho|/ wklv lv pruh hdvlo| vdlg wkdq grqh1 Iluvw/ rqh vkrxog lghq0
wli| glhuhqfhv lq hfrqrplf dgydqfhphqw wkdw duh shuvlvwhqw ryhu orqj shulrgv
e| klvwrulfdo vwdqgdugv/ vlqfh elrorjlfdo hyroxwlrq lv vorz1 Wklv lv qrw hdv|1
Zkloh lq wkh [[L fhqwxu| wkh prvw ghyhorshg frxqwulhv duh orfdwhg lq Qruwk
Dphulfd/ Hxursh dqg Hdvw Dvld/ wklqjv zhuh txlwh glhuhqw mxvw rqh wkrx0
vdqg |hduv djr1 Vfdqglqdyldq shrsoh/ iru h{dpsoh/ zkr qrz duh dprqj wkh
ulfkhvw/ zhuh wkhq d sulplwlyh wuleh frpsduhg wr wkh Pxvolp zruog1 Wkh
dqflhqw flylol}dwlrqv ri Fklqd/ Hj|sw dqg Dphulfd zhuh  rxulvklqj zkloh Hx0
ursh zdv vwdjqdwlqj dw suhklvwrulf ohyhov1 Dv d uvw sdvv/ krzhyhu/ rqh pd|
vshfxodwh wkdw srsxodwlrqv frplqj iurp Dvld/ wkh plggoh Hdvw/ ru Hxursh
kdyh kdg vrsklvwlfdwhg lqvwlwxwlrqv iru wkrxvdqgv ri |hduv/ zkloh wklv lv qrw
wkh fdvh iru pruh sulplwlyh srsxodwlrqv lq Dxvwudodvld ru vxe0vdkdudq Diulfd1
Lw lv uhdvrqdeoh wr dvvxph wkdw h{fkdqjhv kdyh ehhq pruh lqwhqvh lq wkh iru0
phu wkdq lq wkh odwwhu vrflhwlhv1Exw rqh vkrxog h{shfw d orw ri khwhurjhqhlw|
zlwklq wkhvh eurdgo| ghqhg jurxsv145
Vhfrqg/ rqh vkrxog lghqwli| doohohv wkdw jlyh d fohdu dgdswlyh dgydqwdjh1
Exw phdvxulqj wkh vhohfwlyh ydoxh ri vshflf doohohv lv idu iurp reylrxv1 Lq
sduwlfxodu/ dq doohoh fdq eh jrrg iru d jlyhq srsxodwlrq lq d jlyhq hqylurq0
phqw/ dqg edg iru dqrwkhu srsxodwlrq lq dqrwkhu hqylurqphqw +uhfdoo wkh
45Lq Diulfd/ iru h{dpsoh/ fr0h{lvw ghvfhqghqwv ri dqflhqw flylol}dwlrqv vxfk dv Hj|sw dv
zhoo dv sulplwlyh wulehv1
Rq wkh rwkhu kdqg/ wklv ohyho ri djjuhjdwlrq doorzv wr xvh fdvxdo nqrzohgjh derxw zruog
klvwru|/ udwkhu wkdq ghwdlohg gdwd rq frpsdudwlyh hfrqrplf ghyhorsphqwv dw wkh srsxodwlrq
ohyho/ zklfk pd| eh gl!fxow wr jdwkhu dqg2ru frqvwuxfw1
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deryh h{dpsoh ri vnlq froru lq ehduv,> iru h{dpsoh/ dq doohoh fdq lqfuhdvh
uhvlvwdqfh wr wxehufxorvlv/ exw uhgxfh uhvlvwdqfh wr pdoduld1 Vr li zh qg
wkdw lw lv pruh iuhtxhqw lq rqh srsxodwlrq wkdq lq dqrwkhu/ lw pd| eh gxh
wr glhuhqfhv lq wkh hqylurqphqwv idfhg e| wkhvh srsxodwlrqv udwkhu wkdq
glhuhqfhv lq hfrqrplf ghyhorsphqw1 Ixuwkhupruh/ iru vrph jhqhv d wqhvv
dgydqwdjh pd| eh lq idyru ri khwhur}|jrwhv/ d skhqrphqrq ljqruhg lq rxu
40fkurprvrph prgho1 Ilqdoo|/ prvw grfxphqwhg vhohfwlyh frqvhtxhqfhv ri
doohohv duh dvvrfldwhg zlwk udwkhu vhulrxv glvhdvhv/ zkrvh frqvhtxhqfhv fdq
kdugo| eh rvhw e| wudgh dqg vshfldol}dwlrq/ dw ohdvw xqwlo uhfhqwo|1
Zlwk wkhvh fdyhdwv lq plqg/ ohw xv looxvwudwh krz wkh prgho*v suhglfwlrq
frxog lq sulqflsoh eh whvwhg e| orrnlqj dw wkh zruog glvwulexwlrq ri vrph
doohohv1 Rqh ri wkh prvw vwxglhg jhqh lv wkh rqh iru eorrg jurxs E/
zklfk frphv lq wkuhh pdlq doohohv/ c c dqg  Dffruglqj wr Fdydool0Viru}d
hw do1 +4<<7/ s145<,/ lw kdv ehhq irxqg wkdw wkh doohoh frqihuv d vhohfwlyh
dgydqwdjh zlwk uhvshfw wr vhyhudo glvhdvhv= v|sklolv/ sodjxh/ fkrohud/ glduukhd/
vpdoosr{/ wxehufxorvlv/ pdoduld/ gldehwhv/ dqhpld/ wkurpervlv/ olyhu fluukrvlv/
dqg vr rq1 Zlwk vxfk ryhuzkhoplqj surshuwlhv/ zh vkrxog h{shfw  dqg  wr
glvdsshdu1 Lqghhg/ wklv lv zkdw kdv kdsshqhg dprqj qdwlyh vrxwk Dphulfdqv1
Krzhyhu/  lv qrw xqlirupo| dgydqwdjhrxv1 Ukxhpdwrlg duwkulwlv/ dqg xofhuv/
duh pruh olnho| wr rffxu lq  lqglylgxdov1 Ixuwkhupruh/ pdq| sx}}ohv uhpdlq
uhjduglqj lwv vhohfwlyh surshuwlhv1
Zkloh vshfldol}dwlrq lv xqolnho| wr rvhw doo wkh glvdgydqwdjhv dvvrfldwhg
zlwk juhdwhu h{srvxuh wr wkh glvhdvhv mxvw phqwlrqhg/ wkhuh lv dw ohdvw rqh
surshuw| ri wkh  jhqh zklfk lv xvhixo iru rxu sxusrvh/ qdpho| wkdw wkh
lqflghqfh ri p|rsld lv 518 wlphv juhdwhu lq  dqg  lqglylgxdov wkdq lq 
lqglylgxdov146 Fohduo|/ xqghu dxwdun| p|rsld frqihuv d vxevwdqwldo glvdg0
ydqwdjh/ hyhq zkhq fruuhfwhg zlwk jodvvhv471 Kxqwlqj/ jdwkhulqj/ hvfdslqj
46Wkh vrxufh iru doo wklv glvfxvvlrq lv Fdydool0Viru}d hw do1 +4<<7,1
47Jodvvhv duh eholhyhg wr kdyh ehhq lqyhqwhg lq wkh 46wk fhqwxu|/ exw wkrvh zklfk fru0
uhfw iru vkruw vljkwhgqhvv zhuh ghyhorshg rqo| lq wkh 49wk fhqwxu|1 Vhh Flsrood +4<<7,1
Zkloh wudgh dqg vshfldol}dwlrq kdyh ehhq durxqg iru vd| vhyhudo wkrxvdqg |hduv/ zklfk lv
dujxdeo| hqrxjk wr kdyh lq xhqfhg hyroxwlrq/ wklv lv pxfk ohvv olnho| iru d shulrg ri 833
|hduv1
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suhgdwruv/ dqg pdq| rwkhu dfwlylwlhv duh kdpshuhg e| p|rsld1 Exw lq d
zhoo ghyhorshg oderu pdunhw/ rqh pd| wklqn ri pdq| dfwlylwlhv zkhuh vkruw0
vljkwhgqhvv grhv qrw kdup surgxfwlylw|1 Wkhuhiruh/ uhjdugohvv ri zkhwkhu 
dqg  zrxog glvdsshdu lq wkh yhu| orqj uxq/ zh h{shfw d orzhu iuhtxhqf| ri
 lq pruh dgydqfhg vrflhwlhv1
Wkh iroorzlqj wdeoh vkrzv wkh iuhtxhqf| ri wkh  doohohv lq srsxodwlrqv
wkdw ruljlqdwh iurp ydulrxv uhjlrqv ri wkh zruog1 W|slfdoo|/ klvwrulfdoo| pruh
dgydqfhg vrflhwlhv +Hxursh dqg Dvld, kdyh d orzhu iuhtxhqf| ri wkh R doohoh1
Wklv hylghqfh lv yhu| plog1 Qhz Jxlqhd/ iru h{dpsoh/ kdv d orzhu iuhtxhqf|
wkdq Diulfd dqg Dphulfd/ dowkrxjk rqh zrxog whqg wr wklqn ri lw dv ohvv
dgydqfhg1 Shukdsv wklv uh hfwv vrph vshflf idfwruv1
Duhd Iuhtxhqf|
Dvld 318<9
Hxursh 31983
Qhz Jxlqhd 31987
Sdflf Rfhdqld 3199;
Diulfd 319<7
Dxvwudold 31:8;
Dphulfd 31;<9
Wdeoh 5= Iuhtxhqf| ri eorrg jurxs 0doohoh1 Vrxufh= Fdydool0Viru}d hw do1
+4<<7,1
Dv douhdg| phqwlrqhg/ wkh vhohfwlyh surshuwlhv ri hyhq d ghhso| vwxglhg
kxpdq jhqh vxfk dv  duh qrw yhu| zhoo nqrzq1 Lghdoo|/ rqh zrxog olnh
wr ghvljq d whvw zklfk zrxog qrw uho| rq vshflf dvvxpswlrqv derxw wkh vh0
ohfwlyh surshuwlhv ri d jlyhq jhqh1 Rqh zd| wr gr vr lv wr frpsduh wkh dfwxdo
glvwulexwlrq ri doohohv wr wkh rqh zklfk zrxog suhydlo xqghu qhxwudolvp1 Dv
dujxhg deryh/ hyroxwlrq vkrxog eh pruh qhxwudo xqghu wudgh wkdq xqghu
dxwdun|1 Iruwxqdwho|/ Fdydool0Viru}d hw do1 surylgh vxfk d whvw e| orrnlqj dw
wkh fruuhodwlrq ehwzhhq jhqhwlf glvwdqfh dqg jhrjudsklfdo glvwdqfh lq hdfk
frqwlqhqw/ dqg frpsduh lw wr wkh suhglfwlrqv ri d vlpxodwhg prgho edvhg
rq wkh qhxwudolvw k|srwkhvlv1 Wkhlu uhvxowv +Iljxuh 51<15/ s1456, lpso| vxe0
vwdqwldo ghyldwlrqv lq Diulfd dqg Dxvwudodvld/ dqg qr vljqlfdqw ghyldwlrq
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lq Hxursh dqg Dvld1 Wklv frqupv rxu frduvh whvw wkdw pruh hfrqrplfdoo|
dgydqfhg vrflhwlhv duh forvhu wr wkh qhxwudo k|srwkhvlv1 Djdlq wklv lv plog
hylghqfh/ pdq| rwkhu hqylurqphqwdo h{sodqdwlrqv fdq eh sursrvhg/ exw dw
ohdvw lw lv frqvlvwhqw zlwk wkh wkhru| rxwolqhg lq wklv sdshu1
< Frqfoxvlrq
Xqghuvwdqglqj krz jhqhv dqg fxowxuh frhyroyh lv dq lpsruwdqw vwhs lq lqwh0
judwlqj elrorj| zlwk wkh vrfldo vflhqfhv1 Rqh lpsruwdqw fxowxudo lqvwlwxwlrq
ri rxu vshflhv lv wkh pdunhw1 Ohdylqj dvlgh wkh txhvwlrq ri zkdw jhqhwlf
fkdudfwhulvwlfv ri rxu vshflhv ohg wr vxfk d ghyhorsphqw/ wklv sdshu kdv frq0
vlghuhg wkh uhyhuvh lq xhqfh= krz gr pdunhwv lq wxuq dhfw kxpdq jhqhwlf
hyroxwlrqB Wkh dqvzhu lw wkdw lw pdnhv hyroxwlrq pruh vhohfwlyho| qhxwudo
e| doorzlqj lqglylgxdov wr rvhw wkhlu jhqhwlf glvdgydqwdjhv e| vshfldol}lqj1
D srwhqwldo lqwhuhvwlqj urxwh iru ixuwkhu uhvhdfk zrxog eh wr vwxg| krz wklv
frxog eh ixuwkhu hqkdqfhg e| wkh xvh ri whfkqrorj|1
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/ uhsuhvhqwlqj wkh vkduh ri wlph ri jhqrw|sh } ghyrwhg wr
dfwlylw| c vxfk wkdw=
6E} : f ’, }do ’ M +58,
[
}c}do'M
6E}?} ’
(
5M
 +59,
[

6E} ’  +5:,
6<
Li zh duh deoh wr frqvwuxfw vxfk ixqfwlrqv/ wkhq wklv lv lqghhg dq htxlole0
ulxp/ vlqfh vxsso| htxdov ghpdqg iru doo jrrgv/ dqg vlqfh wkh sulfh yhfwru lq
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 eh wkh vwdwlrqdu| suredelolw| ghqvlw| ri kdylqj ehhq lq wkh M
vwdwh iru gxudwlrq |c dqg }uE| wkh fruuhvsrqglqj ghqvlw| iru wkh u vwdwh1 Wkh
Srlvvrq surfhvv lpsolhv wkdw
}ME| ’
bMbu
bM n bu
e3bu|
}uE| ’
bMbu
bM n bu
e3bM |
Wkh xqfrqglwlrqdo suredelolw| ri ehlqj lq wkh M vwdwh lv wkxv
M ’
bM
bM n bu
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Wkh xqfrqglwlrqdo h{shfwdwlrq ri pruwdolw| lv
.7> ’ M.E>M n E M.E>u +64,
Xvlqj wkh deryh irupxod iru pruwdolw|/ zh kdyh
.E>M ’ .E?MM m M>f n E .E?MM m M>
’ .E?MM m ME>f  > n > +65,
Vlploduo|
.E>u ’ .E?MM m uE>f  > n >f +66,
Wkh frqglwlrqdo h{shfwdwlrqv .E?MM m M lv frpsxwhg e| vxpplqj ryhu
doo gxudwlrqv lq wkh M vwdwh1 Zh jhw
.E?MM m M ’
U n"
f
}ME|.E?MME| m M_|
M
’
] n"
f
bue
3bu|

.E?MMEf m Me
3E>

3>
f
| n  e3E>3>f|

_|
’ 
bu
bu n >  >f
d .E?MMEf m Mo  +67,
.E?MMEf m M lv wkh h{shfwhg sursruwlrq ri wkh srsxodwlrq ehlqj MM
frqglwlrqdo rq mxvw kdylqj vkliwhg wr wkh M vwdwh1 Vlqfh rqh zdv lq wkh u
vwdwh rqh lqvwdqw ehiruh zh kdyh
.E?MMEf m M ’ .E?MM m u +68,
Vlploduo|/ wkh h{shfwhg qxpehu ri upv frqglwlrqdo rq ehlqj lq wkh u 0
vwdwh fdq eh frpsxwhg dv
.E?MM m u ’
bM
bM n >  >f
.E?MMEf m uc +69,
dqg zh jdlq kdyh
.E?MMEf m u ’ .E?MM m M +6:,
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Wkhvh irxu htxdwlrqv doorz wr frpsxwh .E?MM m M dqg .E?MM m u Zh
jhw=
.E?MM m M ’
bM n >  >f
bu n bM n >  >f
.E?MM m u ’
bu
bu n bM n >  >f

Vxevwlwxwlqj lqwr +65,/ +66, dqg wkhq +64, zh qdoo| jhw
.E7> ’
>fE>  >f
bM n bu n >  >f
n
>fEb
2
M n b
2
u n 2>bMbu
EbM n bu n >  >f EbM n bu
c
zklfk lv wkh h{suhvvlrq lq wkh wh{w1
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